Introduction
Let R = K[X 1 , . . . , X n ; Y 1 , . . . , Y m ] be a polynomial ring in two sets of variables over a field K . In some recent papers [5, 9, 16] , monomial ideals of R were introduced and their connection to bipartite complete graphs was studied. Here we consider a class of monomial ideals of R , the so-called Veronese bi-type ideals, which are an extension of the ideals of Veronese type in a polynomial ring with two sets of variables. More precisely, the ideals of Veronese bi-type are monomial ideals of R generated in the same degree: L q,s = ∑ k+r=q I k,s J r,s , with k, r ⩾ 1, s ⩽ q , where I k,s is the Veronese type ideal generated on degree k by the set {X ai 1 1 · · · X ai n n | ∑ n j=1 a ij = k, 0 ⩽ a ij ⩽ s, s ∈ {1, . . . , k}} and J r,s is the Veronese type ideal generated on degree r by the set {Y
. . , r}} [10] [11] [12] [13] 15] . When s = 2, the Veronese bi-type ideals arise from bipartite graphs with loops, the so-called strong quasi-bipartite graphs [10] . A graph G with loops is quasi-bipartite if its vertex set V can be partitioned into disjoint subsets V 1 and V 2 , any edge joins a vertex of V 1 with a vertex of V 2 , and some vertices in V have loops. A quasi-bipartite graph G is strong if it is a complete bipartite graph and all its vertices have loops. A strong quasi-bipartite graph on vertices x 1 , . . . , x n , y 1 , . . . , y m is denoted by K ′ n,m . In this paper some properties of the above class of monomial ideals are discussed. In particular the Veronese bi-type ideals give an example of generalization of polymatroidal ideals. The class of polymatroidal ideals is one of the rare classes of monomial ideals with the property that all powers of an ideal in this class have a linear resolution. In fact, the powers of a polymatroidal ideal are polymatroidal ideals and the polymatroidal ideals have linear quotients; hence, they are an important class of monomial ideals with linear resolution. In [12] the author introduced the generalized notion of discrete bi-polymatroid and the related notion of bipolymatroidal ideal in R . Let I be a monomial ideal of R generated in a single degree and G(I) be its * Correspondence: monicalb@unime.it 2010 AMS Mathematics Subject Classification: 05C25, 05E40, 13C13.
unique set of minimal generators. I is called a bi-polymatroidal ideal if for any two monomials u, v ∈ G(I)
such that deg Xi (u) > deg Xi (v) 
In [1] and [4] , algebraic properties of polymatroidal ideals were examined, and in particular it was proved that a monomial localization of a polymatroidal ideal is a polymatroidal ideal. In Section 2 we generalize such a result to a bi-polymatroidal ideal I q (K ′ n,m ); namely, we verify that a monomial localization of I q (K ′ n,m ) is again a bi-polymatroidal ideal. In addition, we are interested in some problems linked to the minimal vertex covers introduced in [6] [7] [8] , or, more precisely, algebraic aspects concerning a generalization of the notion of minimal vertex covers that holds for complete bipartite graphs K n,m [9] .
The ideal of (minimal) covers of I , denoted by I c , is generated by all monomials 
Preliminary notions
Remark 2.1 In general I k,s ⊆ I k , where I k is the Veronese ideal of degree k generated by all the monomials in the variables X 1 , . . . , X n of degree k [17, 18] . One has I k,s = I k for any k ⩽ s . If s = 1 , I k,1 is the square-free Veronese ideal of degree k generated For s = 2 and q ⩾ 3, the ideals L q,s are those associated to the walks of length q − 1 of the strong quasi-bipartite graphs. Recall the following notions introduced in [10, 14] 
Let G be a graph with loops. The generalized graph ideal I q (G) associated to G is the ideal of the polynomial ring R generated by all the monomials of degree q ⩾ 3 corresponding to the walks of length q−1 . Hence, the variables in each generator of I q (G) have at most degree 2 .
For a strong quasi-bipartite graph K ′ n,m , the associated generalized graph ideals
Remark 2.7 When q = 2, the ideal L q,2 does not describe the edge ideal
In the sequel, for strong quasi-bipartite graphs, we will often denote L q,2 , q ⩾ 3, by 
We generalize the combinatorial concept of discrete polymatroid introduced in [3] . 
A base of a discrete bi-polymatroid P is a vector (a; b) ∈ P such that (a; b) < (c; d) for no (c; d) ∈ P . The set of bases of P is denoted by B(P ).
Remark 3.2
Each base of a discrete bi-polymatroid P has the same modulus that is said to be the rank of P . A characterization of discrete bi-polymatroids in terms of their set of bases is the following: 
For a monomial ideal I ⊂ R we denote by G(I) its unique set of minimal generators.
A monomial ideal generated by all the monomials corresponding to the set B(P ) of bases of a discrete bipolymatroid is called a bi-polymatroidal ideal and it is generated by all the monomials
where
In [12] the following definition of bi-polymatroidal ideal is given as a consequence of Theorem 3.3.
Definition 3.4 A monomial ideal I of R generated in a single degree is called bi-polymatroidal if for all
It follows that if for any two monomials
u, v ∈ G(I) such that deg Xi (u) > deg Xi (v) or deg Y k (u) > deg Y k (v) there exist j ∈ [n] with deg Xj (u) < deg Xj (v) or l ∈ [m] with deg Y l (u) < deg Y l (v) such that X j (u/X i ) ∈ G(I) or Y l (u/Y k ) ∈ G(I).
Theorem 3.5 ([12])
The bi-polymatroidal ideals of
Now we consider the class of bi-polymatroidal ideals
Let q, r, k be nonnegative integers such that k + r = q ; then
is the set of bases of a discrete bi-polymatroid of rank q . In fact, let (a, b),
This one is a discrete bi-polymatroid of Veronese bi-type. 
Then it follows easily by the structure of
Let us study some permanence properties of the bi-polymatroidal ideal I q (K ′ n,m ) .
Theorem 3.7 Let
be the bi-polymatroidal ideal associated to strong quasi-bipartite graphs. For all monomials u of R one has:
1. It is enough to prove that for all variables
, then X i u and X i v satisfy the bi-exchange property of Definition 3.4 being
In a similar way, if we set J = I q (K 
is the strong quasi-bipartite graph on vertices x 1 , x 2 , y 1 , y 2 . Set u = X 1 . One has:
i.e. a bi-polymatroidal ideal. In fact, I 3 (K ′ 2,2 ) : u easily satisfies the bi-exchange property.
We denote the set of monomial prime ideals of R by P(R). Let ℘ ∈ P(R) be a monomial prime ideal. The monomial localization of a monomial ideal I with respect to ℘ is the monomial ideal I(℘) , which is obtained from I by substituting the variables that do not belong to ℘ by 1 . 
Compute the monomial localization of
) C where C = {1}:
) by substituting the variable X 1 that does not belong to ℘ by 1 .
Remark 3.10
For square-free bi-polymatroidal ideals the monomial localization is a bi-polymatroidal ideal by Theorem 3.7 (being I(℘) = I : u, where u = ∏ i∈C X i ).
For the non-square-free bi-polymatroidal ideal I q (K ′ n,m ) we give the following:
For all ℘ ∈ P(R) one has:
this means that (
where for all (a; b) ∈ B q,2 we put
The first step is to show that (I q (K ′ n,m )) {i} is generated in a single degree. 
this yields the desired conclusion.
The second step is to prove that the set B An algebraic aspect linked to the generalized vertex covers of G is the notion of the ideal of vertex covers for the generalized graph ideals associated to G .
Definition 4.3
The ideal of vertex covers for the generalized graph ideal I q (G), denoted by (I q ) c (G) , is the ideal of R generated by all monomials X i1 · · · X ir such that (X i1 , . . . , X ir ) is an associated prime ideal of
. . , v ir } is a generalized vertex cover of G}) , and the minimal generators of (I q ) c (G) correspond to the minimal generalized vertex covers.
The following generalizes the characterization of the ideals of vertex covers given in [18] . 
generators of even degree 2h ⩽ 2n , which are monomials with h, or h + 1, . . . , or 2h, of the n variables; 
by assuming that 
. . , X n , and . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
